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We have shown in this paper that a (complete) cone metric space (X, E, P ,d) is indeed
(completely) metrizable for a suitable metric D . Moreover, given any ﬁnite number of
contractions f1, . . . , fn on the cone metric space (X, E, P ,d), D can be deﬁned in such
a way that these functions become also contractions on (X, D).
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Starting with the initial paper of Huang and Zhang in 2007 [3], there have been a lot of papers dealing with the theory
of cone metric spaces. Cone metric spaces are in crude terms similar to metric spaces with a positive cone in a Banach
space replacing positive real numbers. Here a metric is represented for a cone metric space (X, E, P ,d) that induces the
cone metric topology of d on X . Recently, there have been several attempts to reduce cone metric spaces to their metric
counterparts. (See for example [1,2,6].) In this paper we make another attempt of this kind, giving an explicit construction of
a standard metric on a given cone metric space. This gives rise to a feasible uniform way of dealing with cone metric spaces
and reproving some ﬁxed point results available for example in [4,5]. It should be noted that, although this construction
preserves some basic contractive properties of given maps (mostly linear ones), not all contractive conditions can be reduced
to their metric counterparts in this way.
We begin with a short introduction to cone metric spaces and discuss the metrizability of a cone metric space in the
sequel.
2. Preliminaries
Let E be a real Banach space and P a subset of E . We call P a cone if
1. P is closed, P = φ and P = {0};
2. 0 a,b ∈ R and x, y ∈ P ⇒ ax+ by ∈ P ;
3. x ∈ P and − x ∈ P ⇒ x = 0.
We call (E, P ) a cone space and equip it with a partial ordering  as:
x y ⇔ y − x ∈ P .
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antisymmetric but not in general reﬂective.
A cone space (E, P ) is called regular if for each bounded increasing sequence
x1  x2  · · · xn  · · · y
in E , there exists x ∈ E such that lim xn = x (with the topology of the Banach space E). Obviously, one can replace “increas-
ing” by “decreasing” in the above deﬁnition.
A cone space (E, P ) is called normal if there is a number K > 0 in R such that for all x, y ∈ E ,
0 x y ⇒ ‖x‖ K‖y‖.
Now let (E, P ) be a cone space, X a nonempty set and d : X × X → E a mapping that satisﬁes:
1. for all x, y ∈ X , 0 d(x, y) and d(x, y) = 0 iff x = y;
2. d(x, y) = d(y, x) for all x, y ∈ X ;
3. d(x, y) d(x, z) + d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X and (X, E, P ,d) a cone metric space which we often write as (X, E, P ) where it brings
about no confusion.
A sequence (xn)n∈N of elements of X is called to converge to an element x ∈ X whenever for each  
 0 in E , there is
N such that d(xn, x)   for all n > N . In the same way we call (xn)n∈N a Cauchy sequence if for each  
 0, there exists N
such that for each m,n > N , d(xn, xm)   . A cone metric space is complete when any Cauchy sequence is convergent.
It is well known that in a cone metric space (X, E, P ,d) where (E, P ) is normal (we will simply call which: a normal cone
metric space), a sequence (xn) is convergent to x iff d(xn, x) → 0 (n → ∞) and Cauchy iff d(xn, xm) → 0 as (n,m → ∞). Note
that (xn) is a sequence in X and its convergence is discussed under cone metric topology, whereas d(xn, x) is a sequence of
elements of E with the topology induced by norm.
Deﬁning B(x, r) = {y ∈ X: d(x, y)  r} for each x ∈ X and r ∈ IntP, one can easily prove that the collection {B(x, r): x ∈ X,
r 
 0} forms a basis for cone metric topology under which the above deﬁnitions of convergent and Cauchy sequences are
fully justiﬁed.
We mean by a contraction on the cone metric space X , a mapping f : X → X associated with a constant c ∈ R+ such
that d( f x, f y) cd(x, y) for all x, y ∈ X . It is proved in [1] that each contraction on a complete normal cone metric space
(X, E, P ,d) has a unique ﬁxed point. The same result is shown in [3] with the condition of normality omitted.
3. A cone metric space is metrizable
In this section we prove the metrizability of cone metric spaces. But before proceeding further, we need a couple of
useful lemmas:
Lemma 3.1. Let (X, E) be a cone space with x ∈ P and y ∈ IntP. Then one can ﬁnd n ∈ N such that x  ny.
Proof. We have y = limn→∞(y − x/n) ∈ IntP. So, there exists n0 with y − x/n0 ∈ IntP since IntP is open. Consequently
ny − x ∈ IntP which means x  ny. 
Lemma 3.2. Let y ∈ IntP. Then
∀x(x y ⇒ x ∈ IntP).
Proof. We have x ∈ P since x = y + (x − y) and y, x − y ∈ P . The mapping f : E → E (u → u + (y − x)) is continuous,
so f −1(U ) is open when U is the open neighborhood of y in P . We need only to show that f −1(U ) ⊆ P ; then since
x ∈ f −1(U ), we have x ∈ IntP. We have f −1(U ) = { f −1(t): t ∈ U } for f is a bijection. But f −1(t) = t + (x − y) for each t .
Thus if t ∈ U ⊆ P then f −1(t) ∈ P . 
As an instant result of the above lemmas we have:
Lemma 3.3. In a cone space (E, P ):
x y  z ⇒ x  z.
Proof. It is the case that z − y ∈ IntP and z − x z − y. By the previous lemma, z − x ∈ IntP. 
192 M. Khani, M. Pourmahdian / Topology and its Applications 158 (2011) 190–193The following theorem deﬁnes a metric D representing a cone metric space (X, E, P ,d). More interestingly, in the sequel
we will see that having contraction functions f1, . . . , fn on (X, E, P ,d), the metric D can be deﬁned as to make f1, . . . , fn
contractions on (X, D) as well.
Theorem 3.4. Let (X, E, P ,d) be a cone metric space, α ∈ IntP and c < 1 be in R+ . Then there exists a metric D : X × X → R+ which
induces the same topology on X as the cone metric topology induced by d. Moreover a sequence (xn) is Cauchy in (X, E, P ,d) if and
only if it is Cauchy in (X, D). In particular, (X, E, P ,d) is complete iff (X, D) is complete.
Proof. Set d = 1/c and deﬁne a function Λ : X × X → R+ as follows:
Λ(x, y) =
{
dmin{k: d(x,y)dk.α} if d(x, y) = 0,
0 if d(x, y) = 0.
Note that k is in Z and Λ is well deﬁned by Lemma 3.2. One can easily check that Λ(x, y) = Λ(y, x) and Λ(x, y) = 0 ⇔
x = y.
Now we deﬁne D : X × X → R+ in this way:




Λ(xi, xi+1): x1 = x, . . . , xn = y
}
,
D is obviously symmetric and D(x, y) = 0 if and only if x = y. So, for D to be a metric, it suﬃces to prove that it satisﬁes the
triangle inequality: D(x, y) D(x, z) + D(z, y). For  > 0, we show that D(x, y) D(x, z) + D(z, y) +  . By deﬁnition, there
exists x1 = x, . . . , xn = z with ∑Λ(xi, xi+1)  D(x, z) + /2 and y1 = z, . . . , ym = y with ∑Λ(yi, yi+1)  D(z, y) + /2.
Thus D(x, y)
∑
Λ(xi, xi+1) +∑Λ(yi, yi+1) D(x, z) + D(z, y) +  i.e. D is a metric. Now we claim that D induces the
same topology as the cone metric topology of d.
Denoting by Bd(x, δ) the set {y: d(x, y)  r} and by BD(x, r) the set {y ∈ X: D(x, y) < r} for each x ∈ X , δ ∈ IntP and
r ∈ R+ , we will show that each Bd(x, δ) contains some BD(x, r) and vice versa.
Consider BD(x, r) for x ∈ X and r ∈ R+ . One can ﬁnd k ∈ Z with dk < r. Choosing δ  dk.α, it is the case that if
d(x, y)  δ then Λ(x, y) dk < r and conspicuously D(x, y)Λ(x, y) < r, for each y, which yields Bd(x, δ) ⊆ BD(x, r).
For the opposite inclusion consider Bd(x, δ) for x ∈ X and δ ∈ IntP. For each x, y ∈ X and r ∈ R+ , it is the case that if
D(x, y) < r then one can ﬁnd x1 = x, . . . , xn = y in X with ∑n−1i=1 Λ(xi, xi+1) < r. But for each i < n we have d(xi, xi+1) 
Λ(xi, xi+1).α and hence:
d(x, y) d(x1, x2) + · · · + d(xn−1, xn)
(
Λ(x1, x2) + · · · + Λ(xn−1, xn)
)
.α  r.α.
Accordingly, choosing r to satisfy r.α  δ, we have d(x, y)  δ and BD(x, r) ⊆ Bd(x, δ).
Now let (xn) be a Cauchy sequence in (X, E, P ,d). For r > 0 in R, we ﬁnd an element δ with Bd(xn, δ) ⊆ BD(xn, r) for
each n (it is worth noting that in the above argument the choice of δ depends only upon r and not on x). But there exists N
such that xm ∈ Bd(xn, δ) for each n,m > N , since (xn) is Cauchy. So for m,n > N , D(xm, xn) < r i.e. (xn) is Cauchy in (X, D).
A similar discussion works for showing that a Cauchy sequence in (X, D) is Cauchy in (X, E, P ,d).
The last statement of the theorem can be obtained easily by the fact that both d and D induce the same topology and
therefore the same notion of convergence on X . 
As mentioned before, the metric D can be deﬁned as to have a good behavior towards contractions:
Theorem 3.5. Each ﬁnite set of contractions on a cone metric space (X, E, P ,d) with α ∈ IntP is in particular a set of contractions on
(X, D) for some metric D representing (X, E, P ,d).
Proof. Let f i : X → X (i = 1, . . . ,n) be contractions on a cone metric space (X, E, P ,d) with contraction constants ci < 1
respectively. Consider a constant c < 1 such that ci < c for each i and deﬁne a metric D on X by setting d = 1/c in the
previous theorem. We show that D( f i(x), f i(y)) cD(x, y) for all x, y ∈ X and i = 1, . . . ,n. For each x, y ∈ X , d(x, y)  dk.α
where k is such that dk = Λ(x, y). Hence d( f i(x), f i(y)) cid(x, y) cd(x, y)  cdk.α = dk−1.α i.e. Λ( f i(x), f i(y)) dk−1 =
cΛ(x, y). This readily yields D( f i(x), f i(y)) D(x, y); that is, f i ’s are also contractions on (X, D). 
Despite the intricacies of their deﬁnition, cone metric spaces can in part be dealt with as the familiar metric spaces.
However, considering certain topological groups in place of Banach spaces may result in the construction of new spaces
which are not in general metrizable. This can serve as a topic for further studies.
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